Abstract. In this paper, we study the intrinsic mean curvature flow on certain closed spacelike manifolds, and prove the existence of hyperbolic structures on them.
Introduction
Recall that a Riemannian manifold (M, g) is hyperbolic if it has constant negative sectional curvature. These manifolds all come from the quotient of hyperbolic space H n by discrete isometry groups. However, it is difficult to find a good intrinsic characterization on the existence of hyperbolic structures on a given manifold. First, we know that some negatively pinched Riemannian manifolds can not admit hyperbolic metric. In [7] , for n ≥ 4, the counterexample contrasts sharply with the pinching theorem of positively curved manifolds. In [14] , it was shown that for n ≥ 10 the space of negatively curved metric on some n-manifold is highly non-connected. This implies that for a given negatively curved metric, it is not always possible to deform it into a metric with constant negative curvature by any geometric flows.
In this paper, motivated by Lorentzian geometry, we will show that the hyperbolic structure exists naturally on a large class of spacelike manifolds. The motivation is the following. It is well known that the imaginary unit sphere of Minkowski space R 1,n is the model of hyperbolic spaces, where under Cartesian coordinates (x 0 , x 1 , · · · , x n ) on R 1,n , the Minkowski metric is
and the equation of imaginary unit sphere is
This can be seen from Gauss-Codazzi equations
where h ij is the second fundamental form, and h ij equals to g ij on the imaginary unit sphere. In this paper, we are interested in an intrinsic generalization of this model. 
Now we state the main theorem of this paper in the following.
) be a n-dimensional (n ≥ 4) closed spacelike manifold with h ij > 0, then M admits a hyperbolic metric.
The idea is to use geometric flows. We define an intrinsic mean curvature flow of (g, h):
is the initial data of h ij and |A| 2 = g ik g jl h ij h kl . Mean curvature flow has been intensively studied in recent years (see [3] for Euclidean ambient space and [10] for Minkowski ambient space). Notice that in extrinsic mean curvature flow (with ambient space R 1,n ), we deform the position vector F by the evolution equation ∂F ∂t = −H, and (1.1) is just the equations of the metric and the second fundamental form. Here, our observation is that (1.1) itself is also an intrinsicly defined evolution system of (g, h), and it has its own right to be studied. In this paper, we solve (1.1) intrinsicly and show that the solution exists for all time [0, ∞) and converges (after normalization) to a hyperbolic metric.
Let (M n , g ij (x)) and (N m , s αβ (y)) be two Riemannian manifolds, F : M n → N m be a map. The harmonic map flow is the following evolution equation for maps from M n to N m , (2.1)
where △ is defined by using the metrics g ij (x) and s αβ (y) as follows Let (g ij (x, t), h ij (x, t)) be a complete smooth solution of our evolution equation (1.1), then the harmonic map flow coupled with our evolution equation is the following equation:
where △ t is defined by using the metrics g ij (x, t) and s αβ (y). Let (F −1 ) * g and (F −1 ) * h be the one-parameter families of pulled back metrics and pull back tensors on the target (N n , s αβ ). Denotê
. Then by direct calculations,ĝ αβ (y, t) andĥ αβ (y, t) satisfy the following evolution equation:
are the Christoffel symbols of the metricsĝ αβ (y, t) and s αβ (y) respectively. Here we analysis the principle part of the right side of (2.4). One can see 
∂y µ ∂y ν + (lower order terms) and we know (2.4) is a strictly parabolic system. By theory of strictly parabolic equations, for any initial data (2.4) exists a smooth short time solution. So we can recover the solution (g, h) for the original evolution equations from the solution (ĝ,ĥ) as following. Let (N n , s αβ ) = (M n , g αβ (·, 0)) and since
Now once havingĝ αβ ,we know V and we can solve (2.7) which is just a system of ordinary differential equations on the domain M. Hence (g, h) can be recovered as the pull-back g = F * ĝ and h = F * ĥ . Now we claim the solutions of (1.1) with given smooth initial conditions on a compact manifold are unique. For suppose (g 1 , h 1 ) and (g 2 , h 2 ) are two solutions which agree at t = 0. We can solve the coupled harmonic map flow (2.3) for maps F 1 and F 2 with the metrics g 1 and g 2 on M into the same target N with the same fixed s, and starting at the same initial data. Then we have two solutionsĝ 1 andĝ 2 on N with the same initial metric. By the standard uniqueness result for strictly parabolic equations, we have (ĝ 1 ,ĥ 1 ) = (ĝ 2 ,ĥ 2 ). Hence by (2.6) the corresponding vector fields V 1 = V 2 . Then the solutions of the two ODE systems
with the same initial values must coincide, and hence two solutions of (1.1)
must agree.
Preserving Gauss-Codazzi Equations
In this section, we will show that the Gauss-Codazzi equations are preserved under (1.1). Let
Proposition 3.1. If the tensor h ij satisfies Gauss's equation and Codazzi's equation
at time t = 0, then it remains so for t > 0.
Proof. By direct calculations, we have
With these identities we get
st and the following identity
.
To simplify the evolution equations, we will use a moving frame trick. More precisely, let us pick an abstract vector bundle V over M isomorphic to the tangent bundle T M. Choose an orthonormal frame
Then the frame F = {F 1 , · · · , F a , · · · , F n } will remain orthonormal for all time. In the following we will use indices a, b, · · · on a tensor to denote its components in the evolving orthonormal frame. In this frame we have the following:
By calculations, we have
Then we want to replace B abcd bỹ 
Let us denote curvature tensor by Rm and denote any tensor product of two tensors S and T by S * T when we do not need the precise expression. Therefore, if we replace terms including Rm * h * h by term G * h * h, with (3.4)(3.5)(3.6) and by some calculation we obtain
So we get (3.8)
Then in the moving frame we obtain (3.9)
Then we replace terms including ∇h by C and terms including Rm by G. Finally, we have
Combing (3.7)(3.10), we obtain (3.11)
where we use Cauchy-Schwarz inequality, and for 0 ≤ t < δ we have bounded |Rm|, |A|, |∇h|. Thus, by the standard maximum principle
Since (|G| 2 + |C| 2 ) max (0) = 0, the Gauss-Codazzi equations are preserved as long as the solution exists.
In the following we will still call h ij (x, t) the second fundamental form and its trace H the mean curvature.
Evolution of metric and curvature
Using Gauss-Codazzi equations, we rewrite our evolution equations in the following
Since h ij is positive at t = 0 and M is compact, there are some ε > 0 and β > 0,such that βHg ij ≥ h ij ≥ εHg ij at t = 0 holds on M. We want to show that inequality remains true as long as the solution of our evolution equation (1.1) exists. For this purpose we need the following maximum principle for tensor on manifolds, which is proved in [1] .
Let u k be a vector field and let M ij and N ij be symmetric tensors on a compact manifold M which may all depend on time t. Assume that N ij = p(M ij , g ij ) is a polynomial in M ij formed by contracting products of M ij with itself using the metric. Furthermore, let this polynomial 9 satisfy a null-eigenvector condition, i.e. for any null-eigenvector X of M ij we have N ij X i X j ≥ 0. Then we have Theorem 4.2 (Hamilton) . Suppose that on 0 ≤ t < T the evolution equation
holds, where N ij = p(M ij , g ij ) satisfies the null-eigenvector condition above. If M ij ≥ 0 at t = 0, then it remains so on 0 ≤ t < T .
An immediate consequence is
Proposition 4.3. If εHg ij ≤ h ij ≤ βHg ij , and H > 0 at t = 0, then these remain so as long as the solution of (1.1) exists.
Proof. First, by using maximum principle on
we know H > 0 as long as the solution of (1.1) exists. Then we consider
Thus, εHg ij ≤ h ij follows from theorem 4.2. Then h ij ≤ βHg ij follows in the same way.
Finally, we state the higher derivative estimate in the following proposition. Proof. By direct caculation, for any m we have an equation
So we can follow the same way using a somewhat standard Bernstein estimate in PDEs to get our theorem(see [4] for Ricci flow).
Monotonicity formula and Long time behaviors
First, by positivity of h ij we have
Then from (4.1c) we get
Thus by maximum principle we obtain .
In particular, (5.2) implies
|A| → 0 as t → +∞.
Combining with our derivatives estimate (Proposition 4.4) we know the solution of our evolution equation (1.1) exists for all the time. We need the following monotonicity formula to understand the long time behaviors of the solution to (1.1).
